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Abstract. The second quantization method is applied to classical many-particle systems.
Statistical quantities such as free energy and time correlation functions are expressed in
terms of creation and annihilation operators. The method is especially useful for the system
in which the number of the composite molecules changes with time, e.g. the system including
chemical reaction.

1. Introduction

The second quantization method is a very convenient way of treating quantum
many-body problems. Almost all quantum many-body theories are written in this
representation (Abrikosov et al 1963). The method, however, is not limited to
quantum systems. In fact, creation and annihilation operators «ﬁ*(r) and ¢ (r) can be
introduced independently of the quantum conditions; they are operationally defined by
the following commutation relations:

[6(r), ¢ (1= 6(r~r), W), ¢ (r]=[w"(r), ¢ '] =0, (1)

together with the definition of the vacuum state |0),
YI0y=0  (Oj'(r)=0. 2

Planck’s constant # does not appear in these expressions. Therefore it is possible to
introduce these operators into classical many-particle systems. The purpose of this
paper is to develop such a formulation.

The present formulation differs from the theory recently developed by Martin et al
(1973, see also Phythian 1975, 1976). They start from the differential equation for the
operators under consideration, but we start from the time evolution equation for the
probability distribution function. The present formulation resembles more closely the
standard operator formalism of quantum field theory (de Boer 1965). To clarify this
point, we first give a rough outline of our method.

Consider a system consisting of N identical molecules. Let g; be the set of
coordinates specifying the state of each molecule: g; may be the position and momen-
tum coordinates and, if necessary, other coordinates describing the internal degrees of
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freedom. Let us consider the problem: given the time evolution equation for the
probability distribution function f™(g1, g2, . . . gn; ) =fN(g"; 1),

2 Fg™; 0+ 9V 0 =0, )

together with the initial condition f™g"; 0), calculate the mean value of some physical
quantity A(q") at time ¢:

A= [ag"a@ VG0 dg¥=dgida . da @)

We shall show that A(¢) is expressed in terms of the creation and annihilation
operators df'(q) and ¢(q) as

A(1)=(sum|A[y", ylexp(—¥[y", y1)|F(t=0)), (5)

where A[y, y]and [y, ] are the ‘quantum’ operators which are constructed from
A and 9" just as in quantum field theory, |F(t = 0)) is a ‘quantum’ state determined by
the initial distribution function f(N )(qN ; 0), and (sum| is given by

(sum|= 0] exp [aq u(@). ©

In general, the distribution function f™(¢"; ) corresponds to a quantum state,
physical quantities to quantum operators, and the operation of taking the average is
equivalent to that of taking the scalar product with the state (sum|.

From the practical viewpoint, the second quantization representation may not
be a very useful one for the usual classical systems, though some of the formal
discussions are simplified. The difficulty in calculating equation (5) is almost the same as
equation (4). However, there are cases where the second quantization represen-
tation is clearly advantageous. A typical example is the system including chemical
reaction. In that system, the number of the composite molecules changes with time
owing to the reaction. The time evolution operator includes the terms describing the
transition between states containing different numbers of molecules. Therefore, for the
complete statistical description, the set of distribution functions f™, f¥~, . must be
considered, and analyses must be made in the Fock space. For this system, a serious
difficulty arises in the conventional representation: to define the distribution function
ﬂN ’(qN ; 1), we must label all molecules existing in the system; however, the procedure
of labelling becomes complicated if the molecules are created or destroyed in the course
of time. (As a matter of fact, this difficulty can be removed by introducing a new
definition of the distribution function (see § 2), but even in that case the time evolution
equation is still very complicated (see equation (51)).)

The second quantization method removes these difficulties. It is the method most
suitable for treating the Fock space, and it does not require the labelling of molecules.

Actually, the present work is motivated by the problem of chemical reaction. The
chemical reaction is a prototype of those problems for which the composite elements
change with time through birth and death processes, or fusion and fission processes.
Therefore the method developed here may be applied to a rather wider class of
problems. In this paper, however, we do not discuss these applications, but restrict
ourselves to the general scheme of formulation. An actual calculation and discussion of
the chemical reaction problem is given in a separate paper (Doi 1976).
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2. Specification of the states

First we clarify the meaning of ‘state’ used in this paper. We consider a system
consisting of N identical molecules. In the conventional description, all the molecules
are numbered as 1, 2, ... N, and the state (q1, g2, . .. gv) =¢"" is defined as the state for
which the ith molecule is located at g; (i =1, 2, ... N). Following this definition the
states (g1, 42, . . . gn) and (g2, g4, - . . gn) are different. The conventional distribution
function f*(g"; t) is normalized as

qu”f*”(q”; n=1. (7)

However, if the molecules are identical, we need not distinguish the states
(915 g2, - - - qn) and (g2, q1, . - . gn) etc, because they are physically equivalent. In this
paper we regard them as the same states. More generally, we define the system to be in
astate (1, ¢z, ... gn) = qN if the system consists of N molecules, and if these molecules
are located at gy, g, . . . gn. Let (g™ ; t) be the probability of finding the system in a
state qN of this definition. FV )(qN ; 1) is related to f(N )(qN ;) as

F™@", n= % g, .. ans0) (8)

permutations
of g
where the summation is taken over all permutations of the arguments of f™(g"; 1).
Clearly F™(¢"; t) is symmetric with respect to its arguments,

The normalization of F¥ )(qN ; t)is different from that of f(N )(qN o 1), If Y (qN ;1) is
integrated over all possible values of g, gz, ...qn, the same state (1,4, ...qn),
(92, q1, - - - qn) etcis counted N! times. Such overcounting is avoided if the integration
is taken under the condition q;<¢,=<...<gn. (If g, stands for the set of variables
(gi15 Gi2s - - -), the inequality should be understood as q;; < ¢2; <. . . < gn;.) The normali-
zation of F )(qN : t) is thus

J' dg¥ F¥V(G"; ) =1. ©)
q15q2<. . SqN

We shall denote the integral | dg™ under the condition gi<g.<...<gyas[dO".
Evidently the following identity:

IdON...EJ qu...—ijqu... (10)

q15q2=...<gN NI

holds if the integrand is a symmetric function of g,. The normalization condition (9} is
also derived from equations (7), (8) and (10).

If the number of molecules is not fixed, we must consider a set of probability
distribution functions {FO)(t),Fl)(ql; t),Fm(qz; t)...}=F(). These functions are
normalized as

f IdONF”’(q”; H=1. (11)

N=0

Equation (9) is a special case of this equation.



1468 M Doi
3. Second quantization representation

To the distribution function F(t), we assign a ‘quantum’ state |F(¢)) as

[Fo)= % [ dQ"F™(g"; 0y (g)¥'(g2) - .. ¥ (an)|O), (12)
where |0) is the vacuum state:

¥(q)|0)=0, Oly'(q)=0, (13)

and l//T(q) and ¢(q) are creation and annihilation operators which satisfy the commuta-
tion relations

[v(q), ¢"(gH]=8(qg—q), [v(q), ¥(@)]=[¢"(q), ¥"(@)]=0. (14)
For simplicity, we use the abbreviation

4™y=1q1, 4, ... an)=v"(q)¥(g2) . .. ¥ (gn)]0),

(@"|=(0lw(qy) . .. ¥ign).

The following identities can be readily shown from equations (13) and (14):

(15)

(qlgy=8(qg—q")

@"lq™y=bnn Zn Q (q.—q). (16)

permutations
of g

Then from equations (12) and (16)
FY@™; 1)=(g"|F(1)). (17)

Equations (12) and (17) indicate that there is a unique correspondence between a set of
functions F={F®, F", .} and the quantum state |F). Note that F need not be a
distribution function but may be a general set of functions provided its components are
symmetric functions.

Next we consider a linear operator A which transforms F ={F‘°),F“), ...} to

Fa={FQ,FQ, .. }
Fy=AF. (18)

We assign a quantum operator A to A in such a way that |F,) is equal to A|F) or,
equivalently, that

FYq™) =g |AlF) (19)

for any |F). For the pertinent system of identical molecules, most operators are written
in the following form:

2 @)= AN @GFNV ("), (20)
with
N
A(N)(qN)=,ZlA’(qi)+1 z NAz(q,', qi)+"" (21)
i= <=

where A1(q,) (or Ax(gs g;)) is a linear operator depending only on g; (or g; and g;).
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Examples of such operators are: the Liouville operator %,

N —
P9 6_“&_@(1__({) 22
< ,;1 m or; 1si§jsN ar, ap;  op; =

(where m is mass, p;, r; are momentum and position coordinates respectively and
u(r;—r,;) is the interaction potential); and the number density operators n(r), n(r, r'),

n(r)= Z.l 8(r—r),

nir,ry= Y 8(r—r)d(r'—n). (23)

1<i#j<N
For this type of operator, A is found to be
.A~ =A1+A2+. PN

A= |dqyu'(q)A(q)u(q), (24)

Ax=4 [dg dg' W@ @)Axa @G,

These expressions are just the same as those in quantum field theory. Equation (24) is
readily verified by use of equations (13) and (14), for example,

A= ¥ (60N F¥6Y [dau @aiam@ua .. W@l

N=

= § [a0" F¥@" [agu' @ Aa)
N=0

N

XY 8(g—q)¥' (@) ... ¥ (q-D¥ (Gis1) . .. ¥ (qn)|0)

1=

- N & N N + +
= $ [a0™($ A@FY@) 0@ ... vgni0
N=0 =1

=|Fa,)- (25)
In particular, the density operators are written as
A(r) = ' (Ny(r)
Alr 1) =4 (e W (N ().

If the system includes chemical reaction, we must treat operators connecting the
states with different numbers of composite molecules. Such operators will be discussed
in § 5.

Next we introduce states |a) and {(a| defined by

@=cw(a[dgu' @)D, (al=0lew(afdgu@). @)

where @ is a real number. These states will appear frequently in the following

(26)
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discussions. The state |a) is a coherent state introduced by Glauber (1963). An

important property of |a) is that it is an eigenstate of the operator ¢(q):
¥(g)la)=ala), (aly’(q)=alal. (28)

These relations are justified by use of equations (13) and (14).
The state |a = 1) is particularly important. Consider the scalar product

(@ =17 ={0lexp( [agu(@))|F). (29)
Expanding exp(_[ dq ¢¥(q)) and using equation (17), we have
_ v i N, Nipgn_ N N) N
<a—1]F>—NZ=ON! qu (q |F>-Nz=ofdo F™ ™). (30)

Thus the operation of taking the scalar product between (o = 1| and |F) is equivalent to
the operation of summing up all the states, i.e.

<a=1i...>©2fdoN.... (31)
N

For this reason, we may write (& = 1| as (sum|. As a special case of equation (28), we
have

(sum|y"(q) = (sum|. (32)
If F(t) denotes the distribution function, the normalization condition (11) is simply
written as

(sum|F(s))=1. (33)

The mean value of some physical quantity A is expressed by use of (sum|. As is
understood in the example of the density operator, any physical quantity can be
regarded as an operator in the sense of equation (18). Thus the mean value is given by

X0

A=Y I dQ~ AN (GMYFN(g"; 1) = (sum|A|F(1)). (34)

N=0

Let & be the quantum operator associated with the time evolution operator 4. From
the equation

58;|F(t)) +@F()=0 (35)
|F(£)) is solved as

[F(t)) = exp(~%)|F(t = 0)), (36)
then equation (34) is rewritten as

A(1) =(sum|A exp(—%)|F(t = 0)). (37)

In particular, the equilibrium time correlation function is written as

A(1)B(0) = (sum|A exp(—%)Bleq), (38)

where |eq) denotes the ‘quantum’ state corresponding to the equilibrium distribution
function. Examples of |eq) will be given in the next section.
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_ Equations (37) and (38) are the final results of our formal discussion. Operators A,
B and % are constructed from equation (24), and the states |F(t = 0)) and |eq) are from
equation (12). Thus the statistical averages are calculated by manipulations of quantum
operators «//T(q) and ¢(q).

We can easily generalize the above discussion to the case when the system includes
several kinds of molecules. Consider a system consisting of two types of molecules A
and B. The distribution function of this system has the form
FY(gas, ... Gans 981, - - - Gam) = F Mgy qB) The second quantization represen-
tation is constructed in terms of the operators A(q), ¥alq), ¥g(q) and ¥g(g) in the
almost same manner as described above. An example will be given in § 6.

4. Example 1: classical dynamical system
As an example of the above formulation, let us consider a many-particle system obeying

classical dynamics. The time evolution operator of this system is a Liouville operator
(22). The associated quantum operator is immediately obtained from equation (24):

°(£=$free+$int
where
Fuee= [ ardp Ly, p 2R
7 ____l ’ r gt te 0 au(r—r,) adl(r’p) oy _aw(”,P')
Foi==3 Jardp ar a0 p) 01, ) D (PEE Ry, ) B y )
a —_ I3
_J’ dr dp drl dpl (I/T(r, p)wT(rr’pr) u(;r r) a¢;; p)l/l(r!’pl). (39)

Next we discuss the second quantization representation of the equilibrium state.
First we consider the canonical ensemble of the N-particle system. The equilibrium
distribution function for this ensemble is

Fuanl(p)") =5 exp(=p") (40)
with
W R . (41)
S12m 1< Sjen ke T

where Zy is the normalization constant determined by equation (9):
1
Zn=g J' dr™ dp™ exp(—BH™). (42)

This indicates that Zy is equal to the partition function except for the factor 27#) ",
The corresponding quantum state is

1 N
0, Ny = [4r™ dp™ expt-3™p)) (43)
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This equation is rewritten into a more compact form: by using the relation

exp(—B#™)|(rp)N) = exp(—BF)|(rp)™) (44)
with

%= J’dr dp——l/f (r, U1, p)

+3 _[dr dp dr' dp’ u(r—r')"(r, )" (r', p YW (r, p)U(r', P'),

we have

leq, N) = — exp(=p) jdr” dp™ ' (r1, pa) - 4 (v p)|0)
NiY .

(45)

= ZNlN! exp(—B¥) (J drdpy'(r, p)>N]o>,

For many purposes, the grand canonical ensemble is more convenient. The
distribution function for this ensemble is

F& ()N )——exp( ~BH™N) (N=0,1,...), (46)

where A = exp(u/kpT) (1 is the chemical potential) is the fugacity and Z, is the grand
partition function. The associated quantum state is

1 =AY

(eq,)«>=_ A Jdr dp exp(- 3%(N))|(rp)>
1 & . . N
-_—Zsz:ON—!eXP(_ﬁ%)(J’dr dpy (r,p)) |0>
1

-Z— exp(—B¥) exp( Jdr dpy'(r, p)) |0y=Z;" exp(—BIH)|A).
(47)

Here we have written exp(A [ dr dp ¢'(r, p))|0) as |A) following the notation (27).
From the normalization condition (33), the expression for the grand partition
function is obtained as

Z, =(A = llexp(-=BF)|A). (48)
The expression for the equilibrium time correlation function is written compactly as
(A =1|A exp(=Z1)B exp(—BH))
(x = 1] exp(-BH)|A)

Although these formal expressions have simple forms, actual calculations are, of
course, very difficult. To calculate these expressions, we must have recourse to the
perturbation technique or to some decoupling approximation. We can reproduce the
conventional formulae starting from these expressions, but we shall not discuss it here.

A()B(0)=

(49)
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5. Chemical reaction

Let us now consider systems including a reaction process. From the viewpoint of
quantum mechanics, chemical reaction is a complicated inelastic collision process, and
its general treatment does not seem well established. Therefore, here we take a simple
stochastic treatment for the reaction process: we assume that reaction takes place
instantaneously with some transition probability and that the process is described by an
appropriate Markoffian master equation.

Let us consider the reaction system,

A+A-B. (50)

We introduce an intrinsic reaction rate R(ga, g~ gg) defined as: R(ga, ga—>gs) dt is
the probability that a pair of A molecules located at g and g/, react in a time interval d,
producing B molecules at gg.

For this system, the time evolution equation for the distribution function
F& ’M)(qﬁf, qg; t) becomes:

Fwamqm0+%$mﬁMMWZqﬁn

= ¥ Jd%R@NAM+%W“MWZq&0

lsi<jsN
o M
+2 Zl quA dQA dgeiR(ga, QA_)qB:)

X FN MV R g aqh, 45/ q8i; 1) (51)

{(N,M) N,M
@4 g

Here is the time evolution operator in the absence of chemical reaction:
may be a Liouville operator, or the diffusion operator (see the example of the next
section). The right-hand side of equation (51) represents the balance of the probabll My
due to chemical reaction: the first term represents the transition from the state (g5, g
to (ga/q N INRES Yas) (GN/qa: Aj stands for the state that the molecules at ga; and g4,
are removed from the state g, and ggs stands for that the molecule at gs is added to
meﬂMeque @Aﬂhﬂm) (Ga1: Gazs - - - » Gai-1> GAi+1s - - - GAj1> GAj+1s - - - GAN)
and (qB qB) =(qg1, 4B2, - qBM, gp)). The second term represents the transition from
(GNgagd s, % /qs,) tO (q M a8). In the second term, the factor 1/2 is needed to
compensate the double counting of the state (quAqg) =(ghgaga).
The corresponding quantum operator for equation (51) is

G=%,+%. (52)

The operator %, is constructed in the manner described previously. The reaction part
%, is given by

r= @r1+(ér2 (53)

%1=3 | dga dgh dgaR(ga, Ga~ )W AAYAGIUAGAIYAGL)  (54)

&, =1 [ dga dgs dguR (Gar 0h = d)VE@VA@AVAWY).  (55)
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The expression (54) is readily verified because the first term of the right-hand side of
equation (51) has the form of A, in equation (21). To verify equation (55), we use the
relation

M
(Gh, anlUh(ge)Yalga)¥algh) = ; (GRqada 95/ 98.|8(gs—qB:).  (56)
Thus
(qZ7 qIBW! gr2|F>

M
=3 ) {qu dg'a dgiR(qas ga =) F " ™ P (gRqada. 48 /98, 1). (57)

The simple forms of equations (53)—(55) may be compared with equation (51) in the
conventional representation. This simplicity is precisely the advantage of the second
quantization representation. _

As is understood from the above example, the reaction operator 4. consists of two
parts: the operator %,; does not change the number of composite molecules, but the
operator %, does change, destroying reactant molecules and creating product
molecules. .

At first sight, it may seem that only the operator ¥, is needed to describe the
reaction process; however this is not true. The operator %, dt represents the probabil-
ity that the system does not make a reactive transition in a time interval d¢. These two
operators are necessary to insure the normalization of F(¢). To see this, we show

%(sumlF(t)) = —(sum|@|F (1)) = 0. (58)
Noting (sum|%|F (1)) = 0 and using the relation (32), we have

ga;(sumIF(t)) = —(sum|§|F(1)

=- jqu dg'a dgs R(qa, A~ gs) (sum|ya(qa)¥alga)

—¥a(@a)¥a(gR)|F (1)) =0. (59)

Thus the normalization of |F(¢)) is assured. Note that if @,1 is excluded, equation (58)
does not hold.

In a similar manner, we can construct the reaction operator for the general type of
reaction. The results may be almost self-evident from the above discussions. Examples
are listed below:

(1} For the reaction between different kinds of molecules, A+B - C:

4= quA dgs dgc R(9a, 98~ 90)

X{d/;(qA)d’g(qB)d’A(qA) ¥s(gs) ~ wA(QA)‘//B(qB)'/’TC(qC)}- (60)

Note that the factor 1/2 does not appear in this case.
(ii) For the unimolecular reaction, A - B:

G, = Idfh\ dgp R(qa—=> quf{¥h(Ga)¥alga) — Ua(gn)¥alga)l. (61)
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(iii) For the decomposition reaction, A->B+C:

.= quA dgs dgc R(ga = gs, o) {WhA(@a)¥al@a) —¥a(ga)¥b(ge)d(qo)}- (62)

If the system includes many types of reaction processes concurrently, we must sum
up the pertinent reaction operators.

For the system including only irreversible reaction, a simplification is possible. In
this system, if the product molecules do not affect the motion of the reactant molecules,
the time evolution equation is closed within the equation for the distribution function of
the reactant molecules. For examgle, in the reaction A+ A - B, we need not consider
the distribution function F* ‘M)(q As qg’; t) but need only FN)(qZ; t) provided we are
interested only in A molecules, and provided the interactions between A and B are
neglected. In that case, the reaction operator (53)—(55) is reduced to

(‘ér = %J dga qu R(qa, q:x) {¢+A(QA)¢L(QA)¢A(QA)¢A(Q;\) - lﬁA(QA)lﬁA(Qf«)}, (63)

where

R(ga,qn) = qus R(ga,9a~>qs) (64)

is the reaction rate with which A molecules located at g, and g4 react producing B
molecules at some unspecified position.

6. Example 2: diffusion controlled reaction in liquid media

As an example, we consider a Brownian particle system undergoing A+ A - B type
irreversible reaction. We assume that the Brownian motions of the molecules are
independent of each other. Thus we may discuss only the distribution function of A
molecules (therefore suffix A is dropped).

In the absence of reaction, the distribution function of the A molecules obeys the
diffusion equation,

3 . N &
EF(N)(rN; N=—%"FY¢",n=D ; 'a—riF(N)(’N; t), (65)

where D is the diffusion constant and r is the position of the A molecule. The
corresponding diffusion operator becomes

do=-D [ars’)uin, (66)

The reaction operator (63) is written as

9.=4 [ar v RU— )y O OB =00, 67)
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We now consider the probability Py(¢) that the system includes N A molecules at
time ¢. By definition,

PN(t)=JdRNF(r )= jdr (rNIF()). (68)

The moment generating function of Px(¢) is thus given by

Pla, )= Nio o Py() = Z %( i(J’dnp(r))N‘F(z)) = (a|F() 69)
with
(a|=(0| exp(a J’dr d/(r)). (70)

Suppose that initially A molecules are uniformly distributed in a volume V, then the
initial distribution function is

F0 1= 0)= D Pt =0) (71)

If Py(¢=0) is the Poisson distribution function with mean value ¢V i.e.

Putt=0) =22 vy, (72)
the initial state becomes
Fu=oy=c § < [arv'0) 0= 73)
N=o N!
with
er=exp(c [ary’) 0. (74)

From equations (69) and (73), P(a, t) is compactly written as
Pla, 1) ={(a| exp(—(Go+ %,)1)|c) e, (75)

This equation is the starting point of our analysis of diffusion-controlled chemical
reaction which will be reported in a separate paper (Doi 1976). Note that the
evaluation of equation (75) mvolves a difficulty of many-body problems because &,
contains a term such as ¢ ()¢ (X)) (r).

8. Concdlusion

It is shown that classical many-particle systems are conveniently described by creation
and annihilation operators. Since the starting point of this formulation is the general
time evolution equation for the distribution function, the system need not be a
dynamical system, but may be one described by some statistical master equations. This
representation is shown to be particularly useful for the system including chemical
reaction.
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Though the present discussion is limited to the derivation of the formal expressions
for the quantities which we are interested in, it can be shown that these expressions are
convenient starting points for the perturbation analysis. Anexample of such an analysis
is given in the following paper (Doi 1976).
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